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As a part of an attempt to geometrize physics, internal symmetries in the
covariant classification of matter by its T, type are considered in relation
to phase transformations generated by complex and quaternionic structures
on space-time. The Rainich theory of electromagnetism and neutrinos is
compared with the theory of U(1) x SO(1, 3) torsional gauge fields, and
extended to the quaternionic case. It is shown by the Kostant technique of
geometric quantization that complex and quaternionic phase transforma-
tions for an Einstein space are associated with one-dimensional and three-
dimensional harmonic oscillators.

1. INTRODUCTION

This paper extends an attempt to see how much of quantum physics can
be geometrized (Lloyd-Evans, 1976a, b, 1977, 1978) to consideration of the
role of 7, and its symmetries (Plebanski, 1964) in geometric quantization. In
considering the physical significance of these symmetries Plebanski’s use of
generalized duality rotations of U, = T,,, — 4T,%g,, to define formal electro-
magnetic fields is regarded as an extension of the Rainich unification of
gravity and electromagnetism, and Rainich theory is compared in Section 2
with the gauge theory of electromagnetic and weak interactions, emphasizing
the nonuniqueness of the former and tentatively suggesting modification to
the latter.

The U(3) generalization of Rainich theory is then compared in Section 3
with the theory of quaternionic phase transformations, and in Section 4
Kostant’s approach to quantization (Kostant, 1970a, b; Simms and Wood-
house, 1976) applied to this situation gives an outline resemblance to string
theory.

An essential feature of this geometric approach is a major departure
from current practice in physics by classifying matter in terms of the 7,
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type and representations of its symmetry group and of the homogeneous
Lorentz group. Thus, rather than calculate 7, by the methods of Lagrangian
quantum field theory for Poincaré covariant matter types, physical 7,
together with its geometric interpretation via the Einstein tensor G,, is the
starting point of the classification scheme. Use of the T, classification appears
to require an unconventional method of quantization, this work being part
of such an approach, with added motivation coming from the absence of a
global Fourier decomposition of fields over curved space-time and the lack
of a local definition of the energy-momentum vector P,.

The basic requirements of the geometric quantization scheme considered
previously by the author (1976b) are the existence of a complex structure J
and of a symmetric second-rank tensor on space-time that is Hermitian with
respect to J. The complex structure used corresponds to that which appears
in the definition of two-component spinors, and defines a reduction GL(4, R)/
GL(2, C) of the bundle of general linear frames to that of complex linear
frames, whilst the complex scale factor defines a further reduction to SL(2, C)
null frames (and spin frames up to a sign). After a Wick rotation, this complex
structure, together with a phase rotation generated by itself, determines the
conformal structure of space-time. In particular, the metric tensor g,, is
Hermitian with respect to this choice of complex structure, and this leads to a
finite-dimensional application of Segal’s method (Segal, 1960) to define
creation and annihilation operators for vectors and spinors.

Ordinary relativistic quantum mechanics is described geometrically by
systems of imprimitivity for the structure group R* (§) SL(2, C) of the bundle
of affine spin frames, and this was shown (Lloyd-Evans, 1979) to lead to the
coupling of matter to geometry by means of preferred affine frames, and to
the existence of a gravitational field obeying the Einstein~Cartan field equa-
tions. In addition to the GL(4, R) group of linear frame transformations, a
second GL{4, R) group appears at this stage, namely that of infinitesimal
coordinate transformations, which is associated geometrically with the
inhomogeneous part of the general affine connection. The momentum vector
P, of a free particle determines a preferred coordinate frame, but once the
existence of gravity has been shown, the Poincaré invariant description of
matter ceases to be sufficiently general. If the Plebanski classification of T,
is adopted instead, then it is apparent that free quantum mechanical particles
correspond only to the highly specialized types [7-35],, for massive particles,
and [4N] for massless.

The generalization of the energy-momentum vector P, of a massive
particle in flat space to curved space is an eigenvector of T, pointing in the
same direction; and in Section 2 of this paper the Plebanski classification of
T, is used to show how this tensor determines a vierbein field, and how this
is related to the complex structure J. This leads to the possibility of three
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linearly independent complex structures in the case [7-3S]),,, and to a com-
parison of J-phase transformations with duality transformations, making
particular reference to the relationship between the U(l) gauge theory of
electromagnetism and Rainich theory. This emphasizes the distinction
between contributions to electromagnetism of types [27-25],, and [4N],,,
of which the latter has a torsional nature. In this interpretation, J is the
generator of U(1) electromagnetic gauge transformations in opposite direc-
tions on the left- and right-handed spinor spaces, with similar transforma-
tions, but in the same sense, generated by »®° as the spinor analogs of duality
transformations.

In Section 3, the phase transformations are related to the properties of
almost quaternionic and quaternionic structures, and the physical and
geometric significance of the U(3) group of duality transformations is dis-
cussed, with a brief reference to a relationship with instantons and global
topology.

The geometric approach to quantization is completed by Kostant’s
method of quantizing real valued scalar functions on a symplectic manifold.
In the present case this employs the line bundle with structure group GL(2, C)/
SL(2, C) ~ C* and curvature form given by the contraction of the Ricci
curvature with the complex structure tensor. For the space-time application,
this approach is equivalent to that of Segal for the special case of Einstein
spaces; but more generally a distorted coordinate basis is involved. Section 4
of this paper outlines the Kostant technique, and shows how duality rotations
transform particle states into antiparticle states, and how a stringlike spectrum
appears in geometric quantization.

2. DUALITY ROTATIONS

The central feature in the relation of 7, to internal symmetry is the
classification of T, itself by its eigenvectors (Plebanski, 1964; Petrov, 1969).
Adopting Plebanski’s notation there are four types of T7,, denoted by
[Ao=A1-A5-A3]emy, Where A, for O < a < 3 are the eigenvalues of T, and # is
the degree of the minimal polynomial. If complex eigenvalues are denoted by
Z, real eigenvalues whose eigenspaces contain timelike eigenvectors by T,
real eigenvalues with null but not timelike eigenvectors by N, and real eigen-
values with only spatial eigenvectors by S, then the four types of T, are
[7-81-So-S31cays [Z-Z-S1-S5)cays [2N-S3-S5)ca5» and [3N-S1i4 each of which gives
rise to degenerate subtypes when two or more of the distinct eigenvalues are
equal. This scheme is not quite unique, but has been related to such a scheme
in terms of Lorentz orbits by Collinson and Shaw (Collinson and Shaw,
1972). If the validity of Einstein’s field equation

R,, — 4Rg,, = kT, 2.1
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is assumed, then the geometric significance of the eigenvalues is that they
determine the principal curvatures of the Einstein tensor, whilst their sum
determines the scalar curvature.

The flat-space, free Poincaré covariant quantum mechanical particle
approach to the coupling of matter to geometry by preferred frames (Lloyd-
Evans, 1979) involves the type [7-3S],, for massive particles and the incom-
pletely diagonalizable case [4N]., for massless particles. In each case the
energy-momentum vector P, is an eigenvector, and in the massive case,
therefore, 7, is diagonalized by being put in its rest frame; the three spatial
eigenvalues are each zero, whilst the timelike eigenvalue T is given by the
mass-energy density p, and the SO(3, R) little group freedom is replaced by a
corresponding freedom of choice of spatial eigenvectors.

Because these are degenerate members of the families [7-S;-S5-S,] 4, and
[2N-S1-Sg]s), attention will be concentrated on these two in quoting Pleban-
ski’s results on how 7, determines the vierbein. In the former case the four
eigenvectors V%, 0 < a < 3, constitute an orthonormal tetrad and hence a
16-component vierbein L,® such that

Le=Ve 2.2)
Euv = Luava"?ab (23)
T,, = TLOLY — SiLALY — SoL,2L? — SoL,°L,° 2.4)

where V% is the uth component of the eigenvector V¢, g, is the metric tensor,
and 74, the Minkowski metric. For [2N-S;-S;]4, the two spatial eigenvectors
determine vierbein components in a similar way, but the double eigenvalue N
has only one eigenvector ¢,, which must be a null vector and can be expressed
as t, = ¥{(L,° + L,®). The remaining vector spanning the vectorial subspace
of the eigenvector N is any linear combination of ¢, and of s, = {(L,* — L.®)
and can be chosen as es, with e = + 1, when 7,, becomes

T,, = 2ett, + NLCL, — NL,°L,® — S;L, L' ~ S,L2L2E (2.5

The complex structure tensor J is determined by eight of the ten com-
ponents of the pseudosymmetric vierbein [L,%}, which is related to the 16-
component vierbein L,, by

L = (L)0y: 2.6)

where O, is a Lorentz vierbein rotation defined in the space of eigenvectors.
The condition of pseudosymmetry (Isham et al., 1970), i.e.,

{Lua}’?av = {Lva}"?au

imposes a unique relationship between coordinates and frames that eliminates
the freedom of vierbein rotations. Physically, J is the generator of phase
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transformations of spinors and of simultaneous rotations in the / — # and
m — i planes of the null tetrad (/,, m,, M,, n,) defined through
0 3 -

L=, +_nu, L, —‘Iu nu_ on
L=m, +m, L2=ilm, —m,)
and one of the further aims of this section is to consider its relation to
electromagnetic gauge transformations. Before doing so, however, we
examine the degenerate case [T-35], for which spatial eigenvalues are equal;
in this case Plebanski showed that the vierbein L,® is no longer unique and
instead is defined only up to an arbitrary rotation 0,* € SO(3, R) in the space
of spatial eigenvectors. Inverting (2.7) to obtain the null tetrad shows that
there is a similar SO(3, R) indeterminacy in the choice of J and this situation
for a 4n-dimensional manifold is characterized geometrically as the existence
of an almost quaternionic structure, and the consequences of this will be
considered in the next section.

In order to investigate the possible electromagnetic phase interpretation
of the J phase, T,, is split into its trace and trace-free part U,, = T,, —
3T.%g,,, which determines the tensor analog of the Penrose curvature spinor
Dypen, 1 < A, B, C, D < 2. Plebanski showed that this could be expanded
in terms of a basis f%;, 1 < k < 3 for the space of symmetric spinor of type
(1,0) as

3
Dupop = > enfiafbs (2.8)
k=1

where the basis can be chosen so that ¢, = 0, + 1 and the number of ¢, which
are zero has an invariant significance as the dimension of the subspace
annihilated under the antilinear transformation on the basis by @ z¢p

D55 f*P = ecf Cp [ OS2 (29)
Using the spin tensor S22 which maps antisymmetric tensors on R* onto the

space C? of symmetric spinors and their complex conjugates, one may define
a quantity /%, by

fh = SEfks + SEPfEs (2.10)
from which may be defined three formal electromagnetic energy-momentum
tensors EF,:

Etltcv =f1;f)\f’§)\ - %guvfgﬁfkaﬁ (211)

Equations (2.8)-(2.11) enable the trace-free energy-momentum tensor to be
expressed as the sum of three formal electromagnetic energy-momentum
tensors:

3
U, =S eEF (2.12)
u kZl uw
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The situation in which ¢, = 48,2 for one specific a, 1 € a € 3, is the
case of Rainich theory, and there are two distinct T, types for which this
occurs, namely [4N],, and [27-25],,. The distinction between these two is
Lorentz invariant, with the former giving null electromagnetism characterized
by a Ricci tensor R,, that is the product of null vectors k,,

Ry, = kk, (2.13)

and having only three linearly independent components as against the five of
the general (latter) case, while the special case of self-dual electromagnetic
fields has T, = 0. Of these three types, [4N ], admits a direct interpretation
as an electromagnetic wave propagating at the velocity of light (Misner and
Wheeler, 1957) and it is this type which occurs in the Poincaré covariant
geometric coupling scheme, but the interpretation of T, of type [4N]y, as
due to electromagnetism is therefore not unique, in particular, 2-component
neutrinos can contribute (Inomata and McKinley, 1971), while parity-
conserving 4-component neutrinos also give type [27-2S1,, (Inomata and
McKinley, 1965), and one might speculate that this distinction is relevant
to the parity problems of the Weinberg-Salam theory of weak and electro-
magnetic interactions as applied to atomic transitions. For Rainich theory the
electromagnetic field (respectively, neutrino field) is only defined up to a
duality transformation &'* (respectively, y° transformation) by equation (2.11)
and for [T-35], only up to a generalized duality rotation belonging to U(3)
(Plebanski, 1964), and to interpret these results it is necessary to consider
the relation between duality and phase transformations.

For electromagnetism there are a priori four kinds of U(1) transforma-
tions to be considered in this context:

1. The duality rotations of electromagnetism

F,,—~*F, sina + F,, cos « (2.14)
where
*Fu = S€aun ™ (2.15)
or in spinor form
Pan—> €Pup (2.16)
where
Fu = Stiosm + SP¢ch 2.17)

2. The phase rotations generated by the complex structure J used in the
definition of spinors consistent with the null tetrad structure of equation
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(2.7), for which J,* has the real representation

00 0 -1
0 0 -1 0
01 0 0
1 0 0 0

3. In quantum mechanics another set of phase transformations are
generated by the complex structure tensor J* of the 1-particle phase space with
symplectic form Q' = dp A dg, where J! is related to Q! through the fact
that infinitesimal symplectic transformations, A, satisfy

AP +J'4 =0
where A" is the transpose of 4, whereas complex transformations satisfy
ATt +Ji4 =0

This complex structure tensor J* is the real representation on R® phase space
of the pure imaginary number (i) appearing in the representation exp (ipq)
of the transformation group R*.

4. The U(l) phase invariance of electromagnetic gauge theories. Of
these, (4) was originally introduced by Weyl in relation to the phase in-
variance of quantum mechanical matrix elements, which when applied to
the Dirac equation entailed the replacement of the ordinary derivative ¢, by
the covariant derivatives ¢, — ied,, where the gauge field is interpreted as
electromagnetism. In the original argument the phase transformation was
applied to a Dirac spinor, and subsequently the geometric significance of
such transformations together with the physical meaning of (i) have been
investigated by Hestenes (1967, 1975). That investigation showed that the
factor (i) used in defining complex 4-component spinors could be represented
in the real Dirac algebra by y®, while the similar factor, denoted (i), appearing
in the definition of 2-component spinors is the pseudoscalar of the Pauli
algebra. Furthermore, he showed that with these definitions the factor (i) in
the plane wave states exp (ipx) is iog, where o3 = yyys, as also is the factor
(i) in the electromagnetic covariant derivative, so that in the real Dirac algebra
both the electromagnetic phase transformations and the rotations of the
I-particle phase space in (3) above are generated by y, A y, or, equivalently,
by iy, A ys. Geometrically such phase transformations are represented by
rotations in the null planes of the light cone in terms of which the spinors are
defined, and J generates simultaneous rotations through the same angle in
both planes.

An a priori alternative interpretation is to take U(1) as the group of
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automorphisms of complex numbers consisting of phase rotations. If this
group is used to extend the group D, of rotations through = about the x, y,
and z axes, then the Pauli 4-group of spin matrices together with phase
rotation is the nontrivial extension, and the basis vector of the spin repre-
sentation is geometrically described as a Cartan isotropic vector (x*) whose
two independent components (41, £2) are given by

o= (et + ix?) 2142, 2= [(x* — ix?)2]2

where

Z (x)? =

The phase angle 6§ of the spinors is then given by
6 = arctan (x?/x?)

If Lorentz boosts of velocity from 0 to ¢ are included, a second spinor basis
is obtained with phase corresponding to a hyperbolic rotation, conventionally
in the 0-3 plane, and further addition of parity gives back the y-matrix
formalism.

These results strongly suggest that the electromagnetic U(1) gauge
invariance group should be described geometrically in terms of these spinor
phase rotations, and so we consider the possibility of deriving the Ricci tensor
of electromagnetism directly from the connection associated with J-phase
invariance. J itself is a tensor field on space-time with antisymmetric coeffi-
cients (J,¥) in an orthonormal basis, and the condition the U(1) gauge field
A, can be expressed in the usual form i4, is that 4, be an eigenfunction of J,
i.e., Jy*A, = tiA,, which means that 4, is to be geometrically quantizable
and so either holomorphic or antiholomorphic for Euclidean space or a future
or pasting pointing null vector in Minkowski space, where the complexified
spaces are two dimensional with (@ + ib)X = (@ + b)X; 0, be R, X e R

The most general linear geometric connection I'5, has the form

qu = {ﬁu} + T,7C\u + Q’{u (218)

where {£,} are the pseudo-Riemannian connection coefficients, 7%, is a
torsional term, and Q% is defined by

Q’)C\u = V’Kg)\u

with V' denoting the total covariant derivative in (2.18). Because the metric
is Hermitian with respect to J, it has zero J charge, and does not couple to the
connection determined by the gauge field 4,, which can therefore only
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belong to the torsional term in (2.18). For spinors, the coupling to 4, will in
general be nonzero and this is the connection noted previously for such
objects by Fock (1929). The total Riemannian and Ricci curvatures, RY,, and
R, are derived from their analogs K3, and K,, of the pseudo-Riemannian
connection by

Ry = K + 2V T\ + 2000 Ty (2.19)
Ry = K + V[ T5, — VT3 + TETh, — TE,Th (2.20)

where the square brackets denote antisymmetrization, the notation [v|p|- - - u]
indicates the exclusion of p from this antisymmetrization, and V denotes
covariant derivation with respect to the {%,}. For J-phase transformations
the torsion takes the form

T5, = Jpud* — Ji"4n + J*n4, (2.21)

where Jp,,; correspond to the coefficients of the Kahler form g(X, JY), defined
by Joa = Ji"g..- In equation (2.19) it is the second term which takes the
place of the electromagnetic field F,,, and if only the electromagnetic connec-
tion occurs, this reduces to the usual expression, but more generally the
metric terms in (2.21) lead to nonvanishing of the quadratic torsion term.
The electromagnetic U(1) gauge field, however, is not the only source of
torsion, the other being the SO(1, 3) vierbein gauge field, and in general both
have to be treated together, subject to the mutual consistency condition for a
Hermitian space that the total covariant derivative of the complex structure
tensor field J,* vanishes. The limitations this imposes on the torsion have
been considered by Yano (1965); here we note only that one of the special
cases permitted is that of a complex semisymmetric connection, and that in
this case R,, contains a contribution of the general form (S,S, — 5,5°¢,,)
from the quadratic torsion term, where

Sy =I5 — Tl (2.22)

If the torsion is covariant constant and S* a null vector, then this term gives
directly the null Rainich form of electromagnetism (2.13). On the other hand,
it is clear that the general electromagnetic energy-momentum tensor of type
[27-28]5, does not arise directly from the gauge field but can only occur
through the Ricci tensor for the symmetric part of the connection; further-
more in Inomata and McKinley’s 2- and 4-component neutrino interpretation
of [4N ], and [2T-285], types of T, it is shown that only the former can be
related to a Heisenberg nonlinear spinor equation and hence to a torsional
interpretation (Rodichev, 1961).

In Rainich theory the electromagnetic field is only defined up to an
arbitrary rotation, and conventionally a duality complexion « is chosen so
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that the nonnull field is purely electric in a local Minkowski reference frame,
in which case Maxwell’s equations require that

Cy = Oy (2.23)
where
oy = (—g)”zewcAva:AR(SV/RMR" (224)

in the general [27-2S],, case, while for [4N];y «, is not defined, and duality
transformations rotate the polarization vector of the field about the direction
of propagation, but in the neutrino interpretation the derivative 8, of the °
complexion f behaves like a torsion vector in the Heisenberg interpretation.

The relationship between phase and duality rotations for [4N],,, electro-
magnetism is shown by Ludwig’s definition of the curvature spinor @ ,z:p
in terms of 2-component spinors (Ludwig, 1970):

@ pep = breyrprersp {2.25)

where b is a constant. A spinor of type (1, 0), ¢4z, is defined from the «, in
terms of a duality complexion «:

Pap = Kpxge ™" (2.26)

Under a J-phase transformation through 8 the dotted and undotted spinors
x and & are multiplied by exp (¥ i6/2), while the duality phase undergoes a
transformation ¢ — « + 6, with the result that ¢, is phase invariant and has
no electric charge if the J-phase generates the electromagnetic U(1) gauge

group.

3. INTERNAL SYMMETRY

In this section we consider the more highly symmetric types of T,, and
the physical interpretation of the symmetries. The most symmetric of all is
the vacuum 77,,, of the type [4T];, in Plebanski’s notation, and the type of
greatest interest here is the type [7-3S],. In this case the vierbein analysis
(2.2) and its relation to the complex structure (2.7) shows that there are three
linearly independent complex structures differing by SO(3, R) vierbein rota-
tions; such a situation is characterized geometrically as an almost quaternionic
structure (Bonan, 1967; Kraines, 1966; Yano and Ako, 1973; Ishihara, 1974),
and in the following we make use of a number of properties proven in these
references.

An almost quaternionic structure in four dimensions can also be defined
as a reduction of the GL(4, R) group of general linear frame transformations
to GL(1, H) or as a manifold with local holonomy group Sp(1) x Sp(1). The
quaternionic structure is integrable if in every coordinate neighborhood the
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three linearly independent complex structures J;, J,, and J; can be expressed in
the canonical form (3.1) below:

00 0 -1 0 -1 0 0
00 -1 0 1 0 0
J1= 5 J2= H
01 0 0 0 0 -1
1 0 0 0 0 1 0
0 -1 0
0 1
1 0
0 - 0

If the almost quaternionic structure is not integrable, but admits one inte-
grable section, the complex structure associated with the light cones, then
for this case nonintegrability is equivalent to the existence of a nontrivial
SO(3, R) vierbein gauge field which is interpreted geometrically as torsion.
Integrability has the very important physical limitation that the Ricci tensor,
and hence also T,,, must vanish identically, so for the present classification
it is the nonintegrable case that is of interest. The integrable case has, how-
ever, been of great interest recently in the study of instanton solutions of the
self-dual Yang-Mills field equations (Belavin et al., 1975), for which T, is
necessarily zero, and their topological classification; and a brief comparison
of this with the eigenvalue classification of the conformal curvature is given
later in this section. The one remaining point of major physical significance
is that unlike the case of a single complex structure which commutes with
SL(2, C) Lorentz spinor transformations, the almost quaternionic structure
cannot be defined in a Lorentz frame covariant manner and commutes only
with SO(3, R) rotations so that any physical symmetry defined in terms of
quaternionic phase transformation must be broken.

For T,, type [T-3S]., the trace-free part U,, was shown by Plebanski
to be invariant under U(3) generalized duality rotations, and we consider
these in relation to the Sp(1) x Sp(1) group of quaternionic phase transforma-
tions and vierbein rotations. Using an orthonormal basis for the space of
symmetric spinors of types (1, 0) and (0, 1) the Penrose spinor @ ,zsp can be
expressed in terms of the trace-free eigenvalues as

Dupep = (T — Ss)qisqen + q3s965) + $(Se — S(qhsder + q3aqin)
+ (T + Ss)q395) (3.2)
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where the eigenvalues are subject to the trace-free condition
3
T= S;=0
1 t 2 1
G4 = ~3i (rears — tatp) qip = PR (kakp + tatp) (3.3)

12
93z = PR (Matg — taxp)

where (4, t5) is 2 2-component spinor basis associated with the null tetrad
(2.7). For [T-3S) gy each S; = S and only the diagonal terms remain. By virtue
of the manifest Hermiticity of @ 4z¢p it is invariant under the J-phase rotations
where J is the complex structure used to define the spinors. The space of
symmetric spinors is isomorphic to the R® space of bivectors Ve A PP,
0 < a, b <3 on which the absolute involution tensor ¢, 1 < k, [ €6
defined by

ele™ = — 3" 3.9
@+ 1P =0 (3.5)

determines a complex structure which generates the duality transformations.
A nondegenerate Hermitian form of maximal rank is invariant under
GL(3,C) N 03, 3) = U(3) transformations of R® and this is Plebanski’s
group of generalized duality rotations. The SO(3, R) vierbein group acts on
both {V° A Vi}and {Fi A V7}, 1 £ i,j < 3, so that the SO(3, C) subgroup
of U(3) consists of left- and right-handed SO(3, R) transformations, where
Ve A VP are the eigenvectors of the tensor analog of the Weyl-like spinor

Vagep = (I)RS‘(AB(DRSCD) (3.6)

and the U(3) group of the Weyl spinor was suggested by Sarfatti (1975) as
the origin of internal symmetry. The diagonal elements are the changes of
complexion in the three orthogonal electrodynamics defined by (2.11), the
product of all three being generated by ¢, which is the unit operation in
U(3). Electric charge is assumed to be an eigenvalue of the operator J, and
as such is not a member of this U(3) group, although it does generate a
change of complexion according to the definition in (2.26). Denoting a bi-
vector basis of R® by {E, H] the action of each complex tensor J, of (3.1) is
a map:

{Eﬂd HE}H{EGQ Ha}
{Ey, Hy} > {— H,, — Ey} (3.7
I1<a#b<3
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The tensor J, evidently does not act as a complex structure on R®; instead this
role is played by the involution tensor ¢, that corresponds to the Hodge
duality operator on R% Each complex structure J, can be used to define a
4-form dz* A dz? A dZ* A dZ?, and hence a duality operator, but since in
four dimensions there is only one class of 4-forms, there is essentially only
one such operator. The three generalized duality operators which are diagonal
in U(3) can be expressed in local coordinates by

0

— 14 )
(7 A x9) a(x* A x%)

d
B — o B
e = (x* A XF) 5 A )

O0LSa#B#Ay#8<3

The three linearly independent pairs of bivectors, (x* A x%) and (x* A x9),
can be chosen so as to define the planes of phase and hyperbolic phase rota-
tions generated by each of the three complex structures. The other generators
of U(3) are the SO(3, C) transformations of R® induced by the vierbein rota-
tions, so the group does not contain any elements induced by pure Lorentz
boosts, and its Lorentz-covariant generalization is just the O(3, 3) symmetry
group for U,, = 0, with Euclidean analog O(6). In relation to the unitary
groups of hadron physics, it may be noted that the spinor group of the latter
is SU(4), whose fundamental representation is spanned by null hyperplanes
of RE.

The full symmetry of the vacuum includes Lorentz transformations on
spaces of opposite 4-orientation, so we consider how this is affected by the
curvature: the 4-orientation of space-time can be defined by a nonvanishing
4-form, and in terms of the curvature, the Euler density (3272)™* 3., .., €2Q,*
A Q," and the Pontryagin density — (842~ Tr Q2 define 4-forms, although
not necessarily nonvanishing, where

K 1 z K v
QF = iu,VZOR“” dx* A dx

These two quantities, whose integrals are topological invariants, have
been recently used to define and classify instanton solutions to the self-dual
Yang-Mills field equations (Belavin et al., 1975), which according to the
analysis of the previous section arise from an essentially torsional connection
associated with quaternionic phase invariance. Here we point out that Euler
and Pontryagin densities from the symmetric part of the connection can
readily be calculated from the eigenvectors of the curvature of an Einstein
space (Petrov, 1969). Using the expressions

[M N ] [M N }
and
N M N —-M
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for the bivector curvature R,,, 1 < a, b < 6, of Euclideanized and Petrov
type 1 pseudo-Riemannian spaces with

a 0 O B, 0 0
M=]|0 o O and N=1]0 B8, 0
0 0 o 0 0 3

where
3 3
= 1 .
Zum TR 2 R0

and R is the scalar curvature, the Euler and Pontryagin densities for the two
cases are, respectively,

3 3
@)1 > (@ + B3 and 772 Y af;
i=1 i=1
and

(4n?) =1 23: (2 +B%) and O

Imposing the condition that the curvature bivectors be SO(3, R) invariant
entails the requirement

o =~(12)"'R, B=0 1<i<3

and also eliminates consideration of Petrov types II and III for pseudo-
Riemannian space. Self-duality of the Yang-Mills field equations requires
integrability of the quaternionic structure and hence vanishing of the con-
formal curvature of the symmetric connection as well as of the Ricci curva-
ture. For the almost quaternionic case instanton solutions do not exist, and in
general the U,,-free curvature is not expressible in the canonical form above
in terms of the bivectors constructed from the eigenvectors of U,,, so that no
neat topological classification of massive Yang-Mills fields is possible in
general, but there is one exception to this, namely where the Weyl spinor
W .scp 1s algebraically dependent on U, through a relation like (3.6):

W apep = Wq)iié(AB(Dgg (3.8)

where w is a scalar. In this special case the Euler and Pontryagin densities
can be obtained from the eigenvalues of the almost quaternionic Ricci tensor.
Unlike the conformal curvature, R,,, 1 < a, b < 6, can be fully diagonalized
in terms of the basis {V'° A ¥V, V! A ¥V} of bivectors constructed from the
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eigenvectors V4 (0 < p < 3) of the Ricci curvature tensor, and for the almost
quaternionic case this gives a curvature matrix

o 1

0 L

with M = (AT — %4R); and L = — (3T + 5R)I;, where I; is the unit
matrix, for the Euclidean case and

o 2]

0 —-L

for the Minkowski space, so the Pontryagin density of the symmetric part of
the connection is zero in each case.

4. KOSTANT QUANTIZATION

This section considers how J-phase and quaternionic phase transforma-
tions are related to geometric quantization. Firstly in the finite-dimensional
analog of Segal’s method using the pseudo-Riemannian metric and the
complex structure J, J-phase transformations preserve commutation and
anticommutation relations so that J charge is simultaneously specifiable with
the spin quanta of the Segal-type scheme. If the metric is Hermitian with
respect to a quaternionic structure, this argument extends to the quaternionic
transformations Sp(1) x Sp(1). This type of quantization is of a static
character and to obtain a dynamical quantization it is necessary to use the
Kostant method based on the Ricci curvature instead.

The Kostant theory here quantizes fluctuations of real scalar fields in
terms of the Ricci curvature form of the line bundle with structure group
GL(2, C)/SL(2, C) chosen so that its Ricci form coincides with that derived
from the Ricci curvature of space-time including the torsional contributions
compatible with integrability of J. This quantization is characterized by the
cohomology class of the Ricci 2-form, so that the Segal-type quantization is
only equivalent to the Kostant type if the Ricci and Kahler forms R(X, JY)
and g(X, JY) are cohomologically equivalent, i.e., if U,, is a pure divergence,
and nontrivial dynamics are associated with the breakdown of this condition.

The Kostant theory requires the existence of locally Hamiltonian fields
that are defined as vector fields X on the space-time M such that their Lie
derivatives of the Ricci form R(V,JY) vanish:

FRWV,JY) =0 (4.1)
This requires ZV = 0 = %Y if symmetries of the Ricci form are to

coincide with those of the Ricci tensor. Since the Lie derivative % can be
expressed as (4.2)

Ly =diy + ix-d 4.2)
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where d denotes exterior derivation and iy contraction with respect to X,
it follows, using the Bianchi identity, that (4.1) is satisfied if i,[R(V, J(Y))]
is a closed 1-form do, and it is the map ¢ = X, satisfying the latter condition
which is the basis of the Kostant quantization.
A real valued scalar function ¢ on M is said to be prequantized by the
map
g3, 4.3)

where 8, acts by covariant derivation on sections s e I'(L), where I'(L)
denotes the space of sections of the line bundle L on M with connection V, by

8,8 = (Vx, — 2mip)s (4.4)

where X, is a locally Hamiltonian field related as above to ¢, and the second
term in (4.4) is included to eliminate the curvature and so ensure that (4.3)
can lead to a Lie algebra homomorphism, but also leads to the representation
being reducible. To avoid this, a polarization F.(M) of the tangent space
T.(M) is chosen so that the sections s € I'(L) are covariant constant with
respect to directions in F. (M) at each x € M.

For the present application there is a natural choice of polarization, the
Kihler polarization, based on the subspace F, and F, of holomorphic and
antiholomorphic vector fields

R(Xwa Xw) =0= R(Xau XW) (4 5)
R(X,, X,) # 0 '

where
XID’ Xlll eFx(M)a Ywa ‘YII/ eFx(M)s P, ’7[J € F(L)

To make the space of sections I'( L) into a pre-Hilbert space, it is necessary
to impose a square integrability condition, and this depends on introducing a
volume element v, on F,(M) and considering wavefunctions of the local form

b= (Px(vx)llza @€ F(L) (4.6)

and consistent treatment of the sign ambiguity requires use of a double-
valued covering ML(2, C) of GL(2,C) subject to a global cohomology
condition H?*(M,Z,) = 0, which in this particular case is precisely the
requirement for a consistent definition of spinors. The Hilbert space is then
the completion of the pre-Hilbert space of square integrable functions W
where

W ={pe (L QL) Vs = OWX e F (M) 4.7
where L is the bundle of 1/2-forms associated with the volume element of F.

For the present case this is just the space of square integrable holomorphic
sections of type (2.0), and using the complex structure J to define a 4-form
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dZ' A dZ' A dZ? A dZ* and hence a duality operator, it is mapped onto the
antiparticle space of antiholomorphic forms of type (0, 2) by this operator.
Inclusion of the volume element requires also that the prequantum operator
8, in (4.3) be replaced by §,, where

8o = 8, + F vl (4.8)

In this application the scalar fields ¢ contribute to the scale of space-time,
and the aim is to see what forms of ¢ are compatible with various symmetries
of the Ricci form. Any vector field X on M can be expanded locally in a
particular coordinate system without loss of generality as (Kobayashi, 1972)

3
X =2 Mofex, (4.9)
u=0
where
@ 1 3
T2 EL, 2 S (410)
k=0 b=

The vector field X generates an automorphism of a kth-order G structure if
for each fixed set (ug, . . ., u) the element af,, . belongs to the Lie algebra
G of G. The Ricci curvature tensor of a symmetric connection can in this way
be represented as a third-order structure, but it is more convenient to consider
the (ordinary) first-order G-structures in relation to the symmetries mentioned
above. In particular, holomorphic vector fields preserve the g/(2, C) structure
J so that in (4.10) they have a2, € GL(2, C) and using the GL(4, R) expression
for J, the J-phase transformations themselves are generated by the vector
field

2 2 o
Zoi(zfgg —Z E) 4.11)

The Ricci form is J invariant and to find what (4.11) can be used to quantize
we contract the vector field (4.11) with the simple Ricci form, that for an
Einstein space given by >?_; 1RdZ! A dZ,. This gives

Z 5 ( (Z'dZ, + Z,dZ") (4.12)
or
2 R _ _
= > (27, + Z.Z)) (4.13)
i=0

This corresponds formally to a harmonic oscillator whose Hamiltonian ¢ is
quantized by using expression (4.11) in (4.8) for X, and as the Kostant
quantization of the harmonic oscillator has previously been investigated
(Simms and Woodhouse, 1976) it is not considered here except to point out
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that the spectrum is formally that of a vibrating string and that here its
configuration space is a 2-dimensional subspace of space-time.

For an integrable quaternionic case the Ricci form necessarily vanishes,
but the three Kéahler forms g(X, J,Y) can each be used to define a Kostant
quantization as above leading to three linearly independent harmonic
oscillators rotated into one another by the SO(3, R) vierbein transformations,
i.e., a 3-dimensional harmonic oscillator. Such a system has states classifiable
in terms of SU(3) representations, but not coinciding with the hadronic
SU(3) spectrum.

The simplest non-Einstein space has U,, of type [7-3S];, and a Ricci
form differing from the Einstein case by the inequality of the coefficients R,3
and R,z, while the incompletely diagonalizable cases [2N-S;-Su},, and
[3N — S)4, have terms R;;dz* A dz’ for i # j that destroy the simple
harmonic oscillator interpretation. This situation will be considered in detail
elsewhere in relation to the theory of strings and of minimal surfaces.

5. DISCUSSION

The basic conclusion of this paper is that the geometry of space-time
contains far more information of probable relevance to physics than just
a classical approximation to the gravitational field, but that physically inter-
esting phenomena are associated with very specialized geometric situations.

The conclusions which can be drawn are of a qualitative nature: Firstly,
comparison of the Rainich theory of electromagnetism with the gauge
approach showed that the [27-2S], and [4N],, energy momenta were
associated, respectively, with symmetric, and antisymmetric parts of the
connection, and also with parity conserving and nonconserving 4- and 2-
component neutrinos by the arguments of Inomata and McKinley, and that
the torsional gauge group is U(1) x SO(1, 3). Secondly, extension of these
arguments to [7-3S., leads to an SO(3, R) group of quaternionic phase
transformations accompanied by SO(3, R) vierbein transformations with the
condition that the SO(3, R) torsional gauge field must be nonzero if the Ricci
curvature, and hence also the mass, is not to vanish identically. The maximal
symmetry group is that of the vacuum curvature which consists of O(3, 3)
transformations on the R® space of bivectors, with Plebanski’s U(3) as a
subgroup preserving the complex structure associated with duality rotations,
and characteristic breaking both by the U,, types and also by the conformal
part of the curvature. Since the O(3 3) group consists in part of chiral trans-
formations it seems clear that this geometric formalism is not capable of
describing all known quark flavors, let alone color unless the latter is regarded
as a magnetic SU(3). The positive achievement of this work is to show how
the phase invariance of the scalar curvature leads to a formal harmonic
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oscillator or string model, and for quaternionic phase transformations to a
three-dimensional harmonic oscillator or a massless 3-string model.

The basic distinction between this and conventional quantum field theory
is that this, and arguably any theory of quantum gravity where the curvature
of the light cone is built into the definition of the first graviton, is an attempt
to produce a nonvacuum (and hence nonmaximal in the sense of rings of W'*
operators of the group algebra, or also of not giving a complete commuting
set of observables) quantization. In Lagrangian quantum field theory an
approach to nonvacuum quantization is made by including Goldstone and
Higgs particles in a modified vacuum, and for the present theory J would be
represented by Goldstone particles for the breaking of GL(4, R) to GL(2, C),
and if the Lagrangian density is identified with the Euler density, then going
from T,, = 0 to T,, # O is represented by adding to the Lagrangian terms
which are variously quadratic or quartic in the eigenvectors of T,, which,
therefore, bear a slight resemblance to Higgs particles. The latter analogy is
clearly not exact, and zero-mass fields are themselves a source of symmetry
breaking for Plebanski’s U(3).

This work raises numerous questions, some of which will be investigated
elsewhere, notably the use of the Ricci form to describe the dynamics of
minimal surfaces or strings, and a modified theory of weak and electro-
magnetic interactions based on the most general torsional connection. In
regard to the latter, the recent renormalization group argument that coupling
constants should become equal at short distances weakens the main coupling
constant argument against the interpretation of torsion as the weak inter-
actions, although at the expense of requiring some form of geometric
quantization.

REFERENCES

Belavin, A. A., Polyakov, A. M., Schwarz, A. S., and Tyupkin, Yu. S. (1975). Physics
Letters, 59B, 85.

Bonan, E. (1967). Cahiers de Topologie et Géométrie Différentielle, 9, 385.

Collinson, C. D., and Shaw, R. (1972). International Journal of Theoretical Physics, 6,
347.

Fock, V. (1929). Zeitschrift fiir Physik, 57, 261.

Hestenes, D. (1967). Journal of Mathematical Physics, 8, 798.

Hestenes, D. (1975). Journal of Mathematical Physics, 16, 556.

Inomata, A., and McKinley, W. A. (1965). Physical Review, 140B, 1467.

Inomata, A., and McKinley, W. A. (1971). Relativity and Gravitation, C. G. Kuper and
A. Peres, eds., p. 199. Gordon and Breach, New York.

Isham, C. J., Salam, A., and Strathdee, J. (1971). Annals of Physics (New York), 62, 98.

Ishihara, S. (1974). Journal of Differential Geometry, 9, 483.

Kobayashi, S. (1972). Transformation Groups in Differential Geometry. Springer Verlag,
Berlin.

Kostant, B. (1970a). Lecture Notes in Physics, 6, 237.



212 Lloyd-Evans

Kostant, B. (1970b). Lecture Notes in Mathematics, 170, 87.

Kraines, V. Y. (1966). Transactions of the American Mathematical Society, 122, 357.

Lloyd-Evans, D. J. R. (1976a). Nuovo Cimento Letters, 16, 321, 325.

Lloyd-Evans, D. J. R. (1976b). International Journal of Theoretical Physics, 15, 427.

Lloyd-Evans, D. J. R. (1977). General Relativity and Gravitation, 8, 353.

Lloyd-Evans, D. J. R. (1979). International Journal of Theoretical Physics, to be published.

Ludwig, G. (1970). Communications in Mathematical Physics, 17, 98.

Misner, C. W., and Wheeler, J. A. (1957). Annals of Physics (New York), 2, 523.

Petrov, A. S. (1969). Einstein Spaces. Pergamon Press, London.

Plebanski, J. (1964). Acta Physica Polonica, 26, 963.

Rainich, G. Y. (1925). Transactions of the American Mathematical Society, 27, 106.

Rodichev, V. 1. (1961). Journal of Experimental and Theoretical Physics, 13, 1029.

Sarfatti, J. (1975). Foundations of Physics, 5, 301.

Segal, 1. (1960). Journal of Mathematical Physics, 1, 468.

Simms, D. J., and Woodhouse, N. M. J. (1976). Lecture Notes in Physics, 53, 1.

Yano, K. (1965). Differential Geometry on Complex and Almost Complex Spaces.
Pergamon Press, London.

Yano, K., and Ako, M. (1973). Journal of Differential Geometry, 8, 341.



